ABSTRACT. -We prove that any multi-filtered algebra with semi-commutative associated graded algebra can be endowed with a locally finite filtration keeping up the semi-commutativity of the associated graded algebra. As consequences, we obtain that Gelfand-Kirillov dimension is exact for finitely generated modules and that the algebra is finitely partitive. Our methods apply to algebras of current interest like the quantized enveloping algebras, iterated differential operators algebras, quantum matrices or quantum Weyl algebras.  2001 Éditions scientifiques et médicales Elsevier SAS
Introduction
Let k be a field. It is still an open problem whether the GelfandKirillov dimension is exact for finitely generated modules over any noetherian k-algebra. Some partial positive answers were given by T.H. Lenagan [13] for noetherian PI-algebras and by P. Tauvel [27, Théorème 4.4] for finitely filtered algebras with finitely generated and (left) noetherian associated graded algebra. For the case of the quantum enveloping algebras associated to Cartan matrices of type A N McConnell [19] found an infinite dimensional N 2 -filtration with semi-commutative associated graded algebra for which some results from [21] could be applied. In [8] this idea was systematized in order to endow some algebras R with an N n -filtration is such a way that the corresponding generalization of Tauvel's result holds, namely, if the associated N n -algebra G(R) is left noetherian and finitely generated, then the Gelfand-Kirillov dimension is exact, whenever the filtering vector subspaces are finite-dimensional. In particular, this applies when G(R) is semi-commutative. This is the case for algebras like quantum matrices, quantum Weyl algebras, iterated differential operator algebras and the quantum enveloping algebra U q (C) associated to a Cartan matrix C of type A N , but the author was unable to cover the case when C is not of type A N , due to the fact that the arguments developed there do not work when the filtering vector subspaces are not finite-dimensional. Here, we prove that any multi-filtered algebra R with semi-commutative associated graded algebra G(R) can be re-filtered by finite-dimensional subspaces keeping up the semi-commutativity on the new associated graded algebra. Therefore, the theory developed in [8, 9] and [27] , can be applied to get the exactness of Gelfand-Kirillov dimension and that the algebra is left and right finitely partitive in the sense of [20, 8.13.17] . This applies in particular to the quantized enveloping algebras because they were multifiltered (by infinite dimensional subspaces) in [6] . Therefore, U q (C) enjoys the exactness property for the Gelfand-Kirillov dimension, and it is finitely partitive, as conjectured J.C. McConnell in [19] .
The scope of our methods is explored in Section 3, where we point out further properties of multi-filtered algebras with semi-commutative associated multi-graded algebra.
During our re-filtering process we discover that multi-filtered algebras R such that G(R) is semi-commutative are just those algebras generated by finitely many elements x 1 , . . . , x s that satisfy relations of the type x j x i = q ji x i x j + p ji , where the q ji 's are non-zero scalars and the p ji 's are polynomials of total weighted degree strictly less than the corresponding degree of x i x j . Moreover, all generators have strictly positive degree. The simplex algorithm is used in the Appendix to compute explicitly these degrees for U q (B 2 ).
For the notion and properties of Gelfand-Kirillov dimension, the reader is referred to [12, 15, 20 ].
Multi-filtrations and bounded quantum algebras
Throughout this paper, K will denote a commutative ring, and R, A and B will be associative and unitary K-algebras. By k we shall denote a (commutative) field. Let n be a positive integer and consider N n the additive monoid consisting of all n-tuples α = (α 1 , . . . , α n ), where α i ∈ N, for every i = 1, . . . , n. For n = 0, N 0 = {0} is the trivial monoid. DEFINITION 1.1. -An admissible order on N n is a total order such that, 
, . . . , 0).
We shall recall the notion of multi-filtration, as used in [8] .
For n = 1 the foregoing definition recovers the usual notion of N-filtered algebra, because the only admissible order on N is the usual one. The multi-filtered algebra R has an associated N n -graded K-algebra given as follows. For each α ∈ N n , define
for r, s ∈ R. With this product, G F (R) becomes an N n -graded algebra over K called the associated graded algebra of R with respect to F .
We will need the following easy lemma. 
Proof. -A straightforward argument by induction on t reduces the proof to the case t = 2. Now, if α i = exp(r i ) for i = 1, 2 then the desired equality is just the definition of the product in
(R) for such index i. It follows easily that the equality is just 0 = 0. ✷ We are interested in multi-filtered algebras over a field for which the associated graded algebra is semi-commutative in the sense of [19] . DEFINITION 1.5. -Let A be an algebra over a field k. We will say that two elements x, y of an algebra A are semi-commuting if there is J.L. BUESO ET AL. / Bull. Sci. math. 125 (2001) 689-715 693 0 = q ∈ k such that yx = qxy. An N n -graded k-algebra A is called semi-commutative if A is generated as a k-algebra by a finite set of homogeneous semi-commuting elements.
The following is one of our motivating examples. Example 1.6. -Let U = U q (C) be the quantum enveloping algebra in the sense of [16, 7] associated to a Cartan matrix C. This is an algebra over C(q), where q is an indeterminate. Following [6] , U is endowed with a multi-filtration, say F , with semi-commutative associated graded algebra [7, Proposition 10.1] . In this case the first filtering subspace F 0 (U ) is not finite-dimensional over the ground field and, therefore, no filtering subspace is finite-dimensional. This is a serious obstruction to the lift of good properties of the Gelfand-Kirillov dimension from G F (U ) to U . However, we will show that U can be N-filtered (in the usual sense) by finite-dimensional vector subspaces in such a way that the new associated graded algebra still being semi-commutative (see Theorem 2.3).
The aim of this paper is to prove the following This theorem has been recently proved in [8, Corollary 2.12] and [9, Theorem 2.9] under the additional conditions that the multi-filtration is pointed (i.e., F 0 (R) = k) and locally finite in the sense that F α (R) is finite-dimensional over k for every α ∈ N n . Our strategy will be to refilter R in such a way that the referred results are applicable.
Our first results are of technical nature, but they are fundamental for our theoretical development and for providing new examples of multifiltered algebras. The main notion here is that of bounded quantum algebra over a field, but we will start with a more general definition which, we think, is interesting.
Let B be a K-algebra extension of a given K-algebra A and let [20, 8.6 .6] the finitely generated extension A ⊆ B is said to be almost centralizing extension if for every r ∈ A and for every 1 i, j s,
It is clear that B is a deglex -bounded extension of A for any given multifiltration over A. A typical example of this situation is the crossed product A * U (g), where g is a finite-dimensional Lie algebra over a field (see [20, 1.7.12] for the definition and examples of crossed products). Example 1.11. -We say that B is an iterated differential operator K-algebra over A, if we have a sequence of K-algebra extensions
is an Ore extension. We will use the notation
The commutation rules in B are
1.
Then B is a lex -bounded extension for any given multi-filtration on A. For K = Z we obtain the iterated differential operator rings of [26] .
Every multi-filtered algebra is (trivially) a bounded extension. Our next objective is to prove that every bounded extension A ⊆ B can be multifiltered in some useful way. Let us define the following admissible order 3 on N m+s :
At this point we have to be extremely careful with the notation. The letters q, r, s, t with subscripts and/or superscripts represent elements in A. The notation r α , where α ∈ N m , means r α ∈ F α (A), while r α just an element in A not necessarily belonging to F α (A). However, x β still represents the standard monomial x
be the additive subgroup of B generated by the elements of the form r β 1 x β 2 where r
can be written as
In the first case, the monomial r β 1 x β 2 contributes to the second summand in the desired expression of f . In the second case, β 1 1 α 1 and it is clear that the corresponding coefficient r β 1 ∈ F α 1 (R), so that it contributes to the first summand in the just proved expression f = r
(B), so the second part in the lemma follows. ✷ PROPOSITION 1.13. -With the above notations,
In particular, every element f ∈ B can be represented as
We proceed by induction on α 2 + β 2 . The case α 2 = 0 is clear, which gives in particular the first step of the induction for α 2 + β 2 = 0. So, assume α 2 = 0. Let us introduce some new notation: Let α ∈ N s be a nonzero vector; by f ↓α we shall denote an element in F (γ ,δ) (B) , where δ ≺ 2 α and γ ∈ N m (we define f ↓0 = 0). The meaning of the notations f ↓α , f ↓α , g ↓α , . . . is the same. Thus, Lemma 1.12 tell us that any element in
. Now, by induction,
and g = r β 1 x β 2 without loss of generality. We have
Therefore, by using (1) and induction,
Let us see now what happens with x α 2 x β 2 . We call h (resp. i) the index corresponding to the first non zero component of α 2 (resp. β 2 ). Analogously, let j (resp. k) be the index corresponding to the last non zero component of α 2 (resp. β 2 ). We are going to study several cases. Case h i: Then
Case h > i and j > k: Note that in this case i < j. We have
Equality ( * ) holds by induction, since 0 2 β 2 − ε i and, thus,
To see equality ( * * ), consider that
allows the use of the induction hypothesis. Equality ( * * * ) follows by induction and from the fact that x i x α 2 +β 2 −ε i = x α 2 +β 2 because i < h. In all cases we have
By replacing (5) into (4) 
F (α,β) (B).
Since B is generated by A and x 1 , . . . , x s , every element in B is a sum of 'monomials' of the form r 1 x i 1 r 2 · · · x i t r t +1 . Now, let α j ∈ N m such that r j ∈ F α j (A) for j = 1, . . . , t. As a consequence of (3) we get F (B) is generated by G F (A) and y 1 , . . . , y α 2 ) (B) and, by Lemma 1.4,
The statements in the proposition follow now without difficulty. ✷
We are interested in special classes of bounded extensions of algebras over fields which give semi-commutative associated graded algebras. The following is the fundamental example. DEFINITION 1.15. -Let R be an algebra generated by x 1 , . . . , x s over the field k and an admissible order on N s . We say that R is a -bounded quantum algebra if for every 1 i < j s there exists 0 = q ji ∈ k satisfying
Remark 1.16. -A -bounded quantum algebra R with the additional condition that the standard monomials x α α ∈ N s form a k-basis of R is just a polynomial ring of solvable type in the sense of [11] . We also refer them as Poincaré-Birkhoff-Witt (or PBW) algebras (cf. [5] (9) for every i < j, where q ji ∈ k \ {0} and
for every i = 1, . . . , s. Then R is a lex -bounded quantum extension of the ground field k (in fact, R is a PBW algebra). We call these algebras triangular iterated Ore extensions. Examples of triangular iterated Ore extensions are the quantum coordinate algebras of matrices; the multiparameter quantized Weyl algebras A Q,Γ n (k) introduced in [18] (see also [10] ); the quantum symplectic spaces (see [23] ), the positive part U q (C) + of quantized enveloping algebras (see [24] and [17] ) and the iterated differential operator algebras of [26] . Remark 1.19. -Propositions 1.13 and 1.14 can be used to see that every almost centralizing extension or every iterated differential operator k-algebra of a multi-filtered k-algebra A with (semi-)commutative associated graded algebra can be endowed with a multi-filtration having a semi-commutative associated graded algebra. They also are bounded quantum algebras, as the following proposition shows. 
where the c γ 's are scalars in k. Let y i = x i + F α i (R) for i = 1, . . . , s. By (10) and Lemma 1.4,
As a consequence, we can prove by induction on exp(r) that
for every r ∈ R (the a γ 's are scalars). For 1 i < j s do the following computation in G F (R)
Thus, exp(x j x i − q ji y i y j ) ≺ α i + α j and, by (11),
for some scalars a γ . Let be the admissible order on N s given by
Notice that α i + α j = (ε i + ε j )M. By (11), R is generated as a k-algebra by x 1 , . . . , x s and, by (13) , these elements satisfy
where the a γ 's are scalars. Thus, R is a -bounded quantum algebra. ✷ In order to further illustrate the potential of Propositions 1.13 and 1.14 to construct examples of multi-filtered algebras with semi-commutative associated graded algebra which are, by Proposition 1.20, bounded quantum algebras, let us consider the following construction. Example 1.21. -Let B be a k-algebra which is a 2 -bounded extension of an (N m , 1 )-filtered algebra A. In order to obtain that G F (B) is semi-commutative it is reasonable, after Proposition 1.14, to require that G F (A) is itself semi-commutative. Clearly, we should also suppose that the q ji 's in (6) are non-zero scalars in the ground field k.
So, let z 1 , . . . , z r be the homogeneous semi-commuting generators of
, for some t 1 , . . . , t r ∈ A. Condition (7) says that for every i = 1, . . . , s, k = 1, . . . , r, there exists r ik ∈ F α j (A) such that
If we assume in addition that for every i, k, there are a nonzero scalar q ik ∈ k and an element s ik ∈ F − α k (A) such that r ik = q ik t k + s ik , then, by Proposition 1.14, G F (B) is semi-commutative. By Proposition 1.20, B becomes a -bounded quantum algebra for certain admissible order on N r+s .
Re-filtering by finite-dimensional subspaces
In this section we will complete the proof of Theorem 1.7. We know from Proposition 1.20 that every multi-filtered algebra R over a field k with semi-commutative associated multi-graded algebra is a -bounded quantum k-algebra for some admissible order on N s . Our next aim is to show that we can replace the order by a locally finite admissible order * , in the sense that for every α ∈ N s , the set {β ∈ N s | β * α} is finite. To do this we will use [22 
The restriction to N s of this order is admissible and locally finite if and only if u i > 0 for every i = 1, . . . , s.
We recall some facts about convex sets that we will need. Let E be a d-dimensional real affine space. Given C ⊆ E, we denote E(C) the convex hull of C. By Carathéodory theorem (see [2, 11.1.8.6 Theorem]) we have Proof. -Assume that α ∈ C is maximal with respect to some group order in Q s . Let C = {β − α | β ∈ C \ {α}}. Then γ ≺ 0 for all γ ∈ C . Assume for a contradiction 0 ∈ E(C ). Then there is a subset {γ 1 , . . . , γ n } ⊆ C with n minimal such that 0 = . . , γ n are affinely independent. In fact, let E be the affine subspace of R s spanned by these elements, and let t be its dimension. It is clear that E(γ 1 , . . . , γ n ) is contained in E and that 0 ∈ E(γ 1 , . . . , γ n ), whence, by Carathéodory's theorem and minimality of n, n t + 1. This clearly implies that n = t + 1, i.e., the points {γ 1 , . . . , γ n } are affinely independent and, thus, the scalars − We are ready to give the main result in this section. It completes our refiltering process in a somewhat surprising form: The implication (i) ⇒ (v) in the following theorem tells us that every multi-filtered algebra with semi-commutative associated graded algebra can be re-filtered (in the usual setting) by finite-dimensional vector subspaces in such a way that the new associated graded algebra is semi-commutative. Therefore, the algebras satisfying the conditions of Theorem 2.3 (which are already the -bounded quantum algebras for some order ) should be called somewhat semi-commutative algebras (cf. [20, 8.6 .9]). The admissible order u is locally finite and, by (14) , we have
Therefore, R is a u -bounded quantum algebra with generators x 1 , . . . , x s and (iii) is proved. By Corollary 1.17, R is endowed with the (N s , u )-filtration H given by H α (R) = γ u α kx γ . Since u is locally finite, the vector subspace H α (R) is finite-dimensional for every α ∈ N s . For each n ∈ N, define
A straightforward verification proves that L = {R n | n ∈ N} is an N-filtration on R. Since u has all its components strictly positive, it is clear that R 0 = k and that, for a given non-negative integer n, there are finitely many α ∈ N s such that u, α n. Therefore, R n is finitedimensional for every n ∈ N and we have proved that the filtration L is pointed and locally finite. Let us prove that G L (R) is semi-commutative. We are now ready to give a proof for Theorem 1.7.
Proof of Theorem 1.7. -Let R be a multi-filtered algebra with semicommutative associated graded algebra. By Theorem 2.3, R can be endowed with a pointed and locally finite multi-filtration keeping up the semi-commutativity of the new associated graded algebra. The exactness of Gelfand-Kirillov dimension is obtained now from [8, Corollary 2.12] . By [9, Theorem 2.9] , R is left and right finitely partitive. ✷ Remark 2.5. -Theorem 1.7 applies to every triangular iterated Ore extension (see Example 1.18) and, thus, to a plenty of quantum algebras that can be expressed as a triangular iterated Ore extensions. Some classical examples are also covered. This is the case of every almost centralizing extension of a somewhat commutative algebra (see Example 1.10). 
Final remarks
Let R be a bounded quantum algebra over k with generators x 1 , . . . , x s (see Definition 1.17). Equivalently, R is a multi-filtered algebra with semi-commutative associated graded algebra or R has a filtration R = n∈N R n such that all R n are finite-dimensional vector spaces and the associated graded algebra gr(R) = n∈N R n /R n−1 is semi-commutative (Theorem 2.3). These characterizations allow to get further interesting information for this wide class of algebras, which include U q (C), U q (C) + , quantum matrices, iterated differential operators algebras, quantum Weyl algebras. . . , and it is closed by almost centralizing extensions (by Proposition 1.14). Thus, by [19, Theorem 3.8] , R satisfies the Nullstellensatz over k, i.e., endomorphisms division rings of simple R-modules are algebraic over k and each prime ideal of R is an intersection of primitive ideals. Moreover, it follows from [3] that R is AuslanderGorenstein (resp. Auslander-regular) whenever G(R) is. This is the case for the Poincaré-Birkhoff-Witt algebras: Following [5] , R is said to be a Poincaré-Birkhoff-Witt algebra if the standard monomials x α are linearly independent over k and, thus, form a k-basis of R. By Theorem 2.3, the original admissible order can be replaced by the order u associated to certain vector u = (u 1 , . . . , u s ) of strictly positive integer components. Filter the algebra R = n∈N R n , where R n = u,α n kx α is a finite dimensional vector space for every n ∈ N. It can be easily proved that the associated graded algebra gr(R) is a quantum affine space over k, which is known to be Auslander-regular. Thus, every PBW algebra over k is Auslander-regular. This applies in particular that every triangular iterated Ore extension of k (see Example 1.18).
However, the re-filtering process destroys in general part of the structure of the original semi-commutative multi-graded algebra G F (R) in the sense that the new graded algebra gr(R) could enjoy different properties. This is the case of the integral domain G F (U q (C)) which turns into an algebra gr(U q (C)) with zero divisors.
Finally, one could conclude that the GK-dimension theory of multifiltered algebras can be reduced to the theory of filtered algebras. But it seems that this is not, for the moment, the case: If R is multi-filtered with a pointed and locally finite filtration F and G F (R) such that G F (R) is a left noetherian finitely generated algebra, then the Gelfand-Kirillov dimension is exact for R ([8, Theorem 2.10]). But we do not know any general re-filtering process in the non semi-commutative case. Even for N-filtrations, the known results in this direction require rather strong conditions on G F (R) (see [21] ).
Appendix: Computing weights
Let R be a k-algebra generated by finitely many elements x 1 , . . . , x s . An element p in R is a standard polynomial if p is a k-linear combination of standard monomials (see Section 1). We shall say that the generators x 1 , . . . , x s satisfy a set of quantum relations if there are non-zero scalars q ji ∈ k and standard polynomials p ji ∈ R for every 1 i < j s such that x j x i − q ji x i x j − p ji = 0 (1 i < j n) . (16) The polynomials p ji will be called the tails of the quantum relations.
By Proposition 1.20, every multi-filtered algebra with semi-commutative associated graded algebra satisfies a set of quantum relations. Moreover, the size of the tails of these relations are controlled by some admissible order in N s . This leads to the following definition. It is clear that the algebras generated by finitely many elements x 1 , . . . , x s that satisfy a set of -bounded quantum relations are just the -bounded quantum algebras. Some questions arise now: Given generators satisfying a set of quantum relations, how to decide if these relations are bounded by some order? If such an order does exist, can we compute it?
We will show that the existence of can be effectively decided by linear programming methods. In addition, when the answer is positive, a bounding locally finite order can be explicitly computed. This is important from the point of view of the effective computation of the Gelfand-Kirillov dimension for finitely generated modules over R developed in [4] (see also [14, Capítulo 5] 
Minimum is at:
e 1 = 4, e 12 = 9, e 122 = 15, e 2 = 7, k 1 = 1, k 2 = 1,
Therefore, we obtain the weight vector u = (4, 9, 15, 7, 1, 1, 1, 1, 2, 2, 1, 1).
